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Designing Hypersonic Inlets for Bow Shock Location Control

Mark J. Lewis*
University of Maryland, College Park, Maryland 20742

The desire to match the bow shock of a hypersonic vehicle to the lip of the engine cowl provides for a design
constraint on the hypersonic forebody. For inviscid flow, it is shown that there is one particular wedge angle
which provides for shock matching which is insensitive to steady-state changes in vehicle angle of attack, though
it is not possible to match against changes in flight Mach number. The angle-of-attack sensitivity of a hypersonic
boundary layer makes this matching process more difficult. Design rules for cowl matching with secondary
shocks are presented, though it is shown that it is never possible to fix them against changes in angle of attack.

Nomenclature

shock layer height

Mach number

pressure

temperature

streamwise coordinate
angle of attack

shock angle to flow

ratio of specific heats
boundary-layer displacement thickness
surface angle to flow
density

shock/surface relative angle
boundary-layer slope
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Subscripts

] initial

total condition

wall value

equilibrium value

upstream or freestream
downstream of first shock
downstream of second shock

Wi~ oz ™™
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Introduction

URRENT plans for a transatmospheric vehicle depend

on the design of weight-saving engine-integrated air-
frames, in which the external vehicle surfaces act as compo-
nents of the propulsion system. In particular, the aircraft fore-
body would serve as the engine compression surface, and the
aftbody would act as the engine nozzle.! One of the impli-
cations of this integration is that the forebody must be prop-
erly shaped to provide efficient compression and to satisfy the
réquirements of the hypersonic engine. This work will explore
some of the fundamental physical limitations in controlling
the forebody flow, particularly the placement of the vehicle
bow shock and various forebody design options available for
controlling the bow shock placement. Important criteria for
selecting the shock placement will be reviewed, and the role
of viscous effects in determining the shock position will be
addressed.

This work is motivated by the fact that control of the inlet
bow shock, especially its location relative to the engine cowl
lip, will be an important constraint in the design of an air-
breathing hypersonic propulsion system. If the bow shock is
placed too far away from the vehicle, there will be excessive
wave drag. Because hypersonic vehicles will operate at thrust-
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to-drag ratios very close to unity, this additional cow! drag
will be intolerable. Similarly, if the bow shock is swallowed
into the cowl, deleterious reflections may propagate down
through the engine. Another problem is that the impingement
of the bow shock on the cowl lip may produce intense local
heating.? These issues are demonstrated in Fig. 1, which shows
the location of a bow shock and ramp shock on a hypersonic
forebody, and demonstrates the relative position of those
shocks.

For hypersonic cruise vehicles, it is desirable therefore, that
the bow shock be approximately matched to the engine cowl,
but controlled so that it does not make direct contact, whether
in the steady state or as a transient. This leads to an interest
in shock solutions that are fixed, relative to the inlet, against
flight perturbations. Conversely, for accelerating vehicles, which
will cover a wide range of Mach numbers, it will be impossible
to fix the inlet shock. In this case, it is probably most desirable
to minimize the contact time of the shock on the engine lip
so as to avoid the highly destructive shock interaction heating.
In that case, it is of interest to select a shock which will move
into the engine rapidly in response to changes in Mach num-
ber. This leads to an intérest in shock solutions with shock
angles that are most sensitive to flight perturbations.

Shock Mismatch with Varying Flight Conditions

The bow shock matching probleni is illustrated with the
example of a two-dimensional wedge at hypersonic Mach
numbers. Figure 2 presents the height of an oblique wedge
shock at the end of a 30-m-long wedge set at angles of 5, 15,
and 25 deg as a function of Mach number. Note that as Mach
number increases, the separation between the shock and the
wedge always decreases. Interestingly, below Mach 7, the 15-
deg wedge shock is closer to the surface than that on the
5-deg wedge. Figure 3 shows the relative motion of a bow
shock on the surface of a vehicle in inviscid flow, as measured

Relative Position
Shock Displacement

C

Mach Number
(varying)

Engine Cowl

Vehicle Forebody Surface

Fig. 1 Generic geometry for a hypersonic forebody showing shock
location and relative position of shock over surface.
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Fig. 2 Shock height above the surface at the end of a 30-m-long wedge
as a function of Mach number, for wedge angles of 5, 15, and 25 deg.
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Fig. 3 Shock displacement with 1-deg increment in angle of attack
on a 30-m wedge inlet.
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Fig. 4 Shock displacement with +1 increment in Mach number on
a 30-m wedge inlet.

from that surface, subject to a 1-deg variation in the apparent
surface angle of obliquity.

Typically, the angular deviation of the shock is within 10%
of the surface angular displacement, so it would seem that
the relative displacement problem should be insignificant.
However, since a hypersonic vehicle will likely have a very
long inlet surface to provide for adequate mass capture area,
this seemingly small angular divergence can result in sizable
linear displacements at the entrance to a hypersonic engine,
as indicated by the values calculated in Fig. 3 for a 30-m-long

wedge surface. It is likely that the diameter of the engine cowl
lip of such vehicles will be measured in centimeters, so this
shock displacement can be many times the cowl thickness.
A fascinating observation, and one of the keys to the pri-
mary topic of this work, is the fact that the sign of the relative
shock displacement changes with Mach number. For instance,
on the 5-deg wedge, an increase in surface angle causes the
shock to move away from the surface at flight Mach number

"5; at flight Mach number 15 there is almost no change in

relative shock position, and at flight Mach number 20 the
shock is displaced towards the surface when the surface angle
increases. If this wedge were flying.at Mach 15, the shock
position would be relatively insensitive to changes in angle of
attack. At high flight Mach numbers (but not, as will be shown
later, for all Mach numbers) there is one specific wedge angle
which guarantees that the motion of the shock is equal to the
motion of the surface, and thus remains fixed relative to that
surface.

Comparing the variation of displacement with Mach num-
ber for a given surface angle, it is clear that in each case
increasing Mach number subtracts from the displacement of
the shock. This has the interesting effect that the magnitude
of displacement on a 2-deg wedge decreases with increasing
Mach number, while that of a 15-deg wedge increases as Mach
number increases. :

This leads to another question about shock perturbation
effects, namely that of how a shock moves in response to a
small increase or decrease in Mach number. In other words,
if an inlet is designed for perfect shock/cowl matching at one
given design Mach number, what will happen when the vehicle
is flown at a different Mach number? Figure 4 presents the
shock displacement on wedges of various angles with a Mach
number increment of 1. In other words, it presents the relative
vertical motion of the shock as perceived by an observer on
the wedge surface, resulting from an increase in freestream
Mach number some initial value (e.g., M = 5) to 1+ that
value (i.e., M = 6).

Figure 4 presents somewhat less surprising results than the
displacements experienced with an increment in surface angle.
As Mach number increases, the shock angle always decreases,
so the shock always experiences a displacement in towards
the surface. This displacement decreases as the surface wedge
angle increases. Thus, increasing the wedge angle always de-
creases the displacement due to a change in Mach number.
It should be noted that the above data is compiled for a fixed
increment of +1 in Mach number; obviously, this represents
a much larger fractional increment at lower Mach numbers
than at higher ones, but even so, the results tend to confirm
the Mach number independence principle, as variations in
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Fig. 5 Shock displacement with both +1 increment and —1 decre-
ment in Mach number on a 30-m 5-deg wedge inlet. Note that incre-
menting Mach number displaces shock towards surface, decrementing
moves it away.
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displacement become much less noticeable at higher Mach
numbers.

The relative displacement of the bow shock due to Mach
number changes is not linear, as can be seen in Fig. 5. This
figure presents the magnitude of the shock displacement rel-
ative to the design point, with both a +1 increment and ~1
decrement in Mach number, on a 30-m-long wedge set at
5 deg to freestream. Note that the effect of increasing Mach
number is always to drive the shock closer to the surface,
while decreasing Mach number moves the shock away from
the design point. Decreasing Mach number at lower Mach
numbers results in substantially more deflection outward than
increasing Mach number; starting at Mach 5, decreasing the
Mach number to 4 displaces the shock 50% more than in-
creasing Mach number to 6. At higher flight Mach numbers
the displacement is more symmetrical.

From the point of view of engine integration requirements,
the above results lead to the following inlet design questions:

1) Is there a specific wedge angle which minimizes relative
shock displacement subject to a change in flight Mach num-
ber? ’

2) Is there a specific wedge angle which minimizes relative
shock displacement subject to a change in that wedge angle?

3) What is the effect of adding an additional ramp down-
stream of the first wedge?

4) What is the effect of a thick hypersonic boundary layer
on the matching process?

5) How significant is the influence of dynamic vehicle mo-
tion (i.e., high-frequency changes in angle of attack)?

These issues may be complicated by the presence of a thick
hypersonic boundary layer, which is itself sensitive to changes
in angle of attack and flight Mach number.?

Designing for Changes in Flight Mach Number

Controlling Shock Position

The familiar shock relations can be used to determine the.

effect of Mach number on the shock angle generated by a
certain wedge angle.* The well-known relation between shock
angle B, wedge angle 6, and M at a given value of y can be
written as

0 =8~ Drarne M
where
Prcrave = tan~{[(y — DAy + D]tan B
+ [2/(y + 1)M? sin B cos B]} (2)

If the wedge is the surface of a vehicle, the effective surface
angle @ has two components, one for the fixed vehicle ge-
ometry @4, and the other for the effect of a:

(Oeehicie T @) = B = Prepaive 3)
A Mach-insensitive shock will be one in which
% =0 4
In the hypersonic limit M — %, with small shock angles
B 1 .
aM ~ MGy ¥ DAFOI0? T ©)

Equation (5) shows that the shock motion due to changing
Mach number can never be eliminated, but dg/dM — 0 as
M — « and, at small deflection angles, 93/0M becomes smaller
as B, and therefore, 6 increases, which trends are indicated
by Fig. 4. At very small surface angles, the change in shock
angle with changing Mach number scales inversely with the

- square of the Mach number, which is the Mach wave limit;
at larger surface angles, it scales inversely with the cube of
Mach number times surface angle.

It may be concluded that there is no way to fix the relative
shock displacement so that it is insensitive to Mach number
changes; for a fixed inlet geometry, the bow shock will never
match the cowl at off-design Mach numbers. However, these
changes in displacement will be minimized at higher Mach
numbers and larger surface angles. This latter fact will be
important in considering multiple-ramp inlets. ’

Conversely, it was earlier suggested that it may be desirable
to maximize, rather than minimize, the displacement of the
bow shock of an accelerating hypersonic vehicle, so that at
the point in its flight at which the bow shock passes across
the engine cowl lip, that duration of high heating rate shock-
shock interactions on the cowl is reduced. The above analysis
suggests that this is best done by reducing the Mach number
at which the shock crosses the inlet lip, and by using inlets
with relatively shallow surface angles, such as multiple ramp
designs with sidewall compression.

Resulting Variation in Pressure Ratio

Changes in Mach number will also lead to variations in the
thermodynamic ratios across the bow shock. These can gen-
erally be accounted for by appropriate selection of flight al-
titude. In other words, if the Mach number increases and the
pressure ratio rises, the vehicle can fly to higher altitudes
where the lower ambient pressure can correct the engine inlet
conditions. It is nonetheless of interest to discern the behavior
of shock pressure ratio vs Mach number. This will be espe-
cially relevant to the later discussion of secondary ramps.

For hypersonic flow at small angles, the pressure ratio across
a shock can be written as

(Po/P) = 1 + [y(y + 1)/4](M6)>
+ y(MO)*V[(y + 1)/4]2 + [1/(M6)?] (6)

where M is the upstream Mach number.
The change in the pressure ratio due to a change in Mach
number is

9 (i)

oM \P,

_ ¥y + DMONGy  DMEF T 16 + y(y + 17M6] + 8y
B 2V({y + DIMOE + 16

™

For very large Mach number and moderate angle at y = 1.4,
(3/0M)(P,/P;) = 2.66[M0]0; at very small angles and mod-
erate Mach number, (3/0M )(P,/P,) = (0.59[M6]? + 1.68[M¥]
+ 1.4)6. Thus, thermodynamic changes associated with vary-
ing flight Mach number are increased at increasing Mach num-
ber or inlet ramp angle.

Designing for Changes in Angle-of-Attack

Controlling Shock Location

A similar analysis can be performed for the case of a change
in angle of attack of a wedge with oblique angle, and the
resulting variation in the shock displacement. It is of primary
interest here to minimize relative shock motions on a hyper-
sonic inlet so that the impact of vehicle maneuvering on engine
flowfield is reduced.

As was pointed out in the discussion of Fig. 3, under certain
circumstances there will be a given wedge angle such that a
small change in that wedge angle does not change the relative
position of the bow shock. This condition will be satisfied by
setting

B
1 ®
where
da D iv
— = 1 — relative 9
P T )]
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Taking the derivative of the relative angle @, .., defined in Eq. (2), with respect to shock angle

0P eraive [(¥ — D/(y + D)(T/ecos?B) + [2/(y + DM2][(1/cos?B) — (1/sin?B)]

B 1+ {[(y = D)/(y + D]tan B + [2/(y + 1)M? sin B cos B]}? (10)
and setting which has a hypersonic limit of
aq) lative
—datie — ) (11) \/ y+y-v-1
=g 1
» R e R

the “fixed-shock” solution is obtained for

o 1
Bfixed = tan I:,\/l F [(Y — 1)/2]M2:| (12)

Note that the fixed shock angle is the arctangent of the square

root of the ratio of static-to-total temperature in the flow.
The normal Mach number corresponding to this fixed shock
solution is

M
V2 + [(y — DRIM? (13)

which approaches the constant hypersonic'limiting'value of

M, i = V2/(y — 1) atlarge M. For y = 1.4, the hypersonic
value is M, ;ma = 2.236. With the normal Mach number fixed,
the thermodynamic jump across the shock is also determined:

P, (Y- 6y+ DM>+4y—4

Mnormal = M sin Bfixed =

P (v — DM? + 4y + 4 (14
pe (v + DHM?
pr 2y — DM? + 4 s
L _
T,

CAyP - Tyr 4 Ty — DM+ 4G3y? - 10y + M2 + 16(y — 1)
(Y +y2—y-1M +4(y* + 2y + 1)M?

These ratios approach the hypersonic limits 7,/T; — 1.89, p,/
py — 3, and P,/P, — 5.67 for y = 1.4. Note that the density
limit is exactly half the hypersonic density limit of a normal

shock, and that, contrary to normal shock behavior, temper-

ature and pressure do not go to infinity because the fixed
shock solutions reduce shock angle as Mach number increases.

Table 1 presents the fixed-shock wedge angles and shock
angle at y = 1.4 for several Mach numbers. There is no fixed-
shock wedge angle for Mach numbers below 1.581 at this value
of vy, and the maximum fixed-shock wedge angle is 14.12 deg
at Mach 3.572. There are no fixed-shock wedge angles for
the strong shock solutions. The normal Mach number across
the fixed shock is also shown. Figure 6 is a plot of the shock
angle as a function of wedge angle through the range of Mach
numbers.

The Mach number downstream of a shock can be written
as

1 (v — DMZsin?B T 2
M, = 1
T P N2y sin?B — (y 1) O

where

SiIl q)relative
[(y — 1)M?2 sin?B + 2Jtan B

= VG = D 5B + 2F B + [ + DI swf]
an

With the fixed-shock solution, this is equal to

With y = 1.4, M, = 0.440M,, and with y = 1.3, M, =
0.431M,. The fixed-shock solutions therefore provide a con-
venient estimate for the downstream Mach number, which is
roughly linear with the flight Mach number.

Design Point Criteria

Given that the bow shock on a hypersonic inlet can be fixed
against changes in angle of attack for one given Mach number,
the question arises as to which Mach number to select as a
design point. For sustained hypersonic cruise, the choice would
naturally be the cruise Mach number, but for accelerating
transatmospheric flight, such as for a single stage-to-orbit ve-
hicle, the selection of a design point is less clear.

Obviously, the choice will depend in part on the allowable
tolerance for shock mismatch at various flight speeds and
engine operating conditions, so that only generalities can be
stated here. Looking at Fig. 3, a 2-deg wedge will always be
off-design across the range of transatmospheric Mach num-
bers. The 5-deg wedge is matched at Mach 10, and provides
reasonable matching across the flight range. It is likely that
the most critical point in the trajectory for engine operation
would be in the vicinity of Mach 15, so it is probable that the
most suitable transatmospheric design point would be at about
6 deg.

Controlling Thermodynamic Properties

It is also of interest to consider the design of an inlet which,
in order to provide nearly constant pressure and temperature
to the engine, minimizes changes in the shock thermodynamic
properties, as opposed to the shock placement, subject to
variations in angle of attack. Because the pressure and tem-
perature jump across the shock are determined entirely by
the normal Mach number, it is obvious that the shock with
the minimum change in these properties will be the one which
experiences the least change in absolute angle subject to a
change in the surface angle.

A shock which does not change its angle as measured in
the absolute frame would produce no net change in pressure
and temperature subject to changes in angle of attack. Un-
fortunately, such a solution is not available, so the best so-
lution will be one in which P, ,,../d8 — . Since the nu-
merator of Eq. (10) must always be greater than 1, this condition
can only be realized by setting

y—1 1 2 11
v + 1 cos’B * (y + 1)M? <cosZB sin?B == (20

This limit is approached as the shock angle goes to 0 or 90
deg, neither of which is possible for a real inlet. In the limit
of small shock angle, we can write

B _ (v + HMBY + 4IM>
acDrelative (’Y - 1)(MB)2 -2

At large Mach number, the tendency is for this to become
independent of Mach number, which is the fixed shock limit.

eay)

V(y2 + Dy — DMS + 25y — 6y + SHIM?* + 32[(y — D)M2 + 1]

M_\/ (y —DM: +2
PUN(=y + 6y + DM — 4y — 1)

20y — DM 7 2] (18)
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Table 1 Fixed shock solutions at y = 1.4

Shock Wedge Normal Temper-
Mach angle, angle, Mach ature Pressure
no. deg deg no. ratio ratio
1.581 39.23 0.00 1.000 1.000 1.000
2 36.70 7.50 1.195 1.125 1.500
3.572 28.01 14.12 1.678 1.443 3.116
5 22.21 12.94 1.890 1.600 4.001
10 12.31 7.94 2.132 1.798 5.136
15 8.39 5.51 2.189 1.847 5.422
20 6.34 4.19 2.209 1.865 5.524
25 5.09 3.38 2.218 1.873 5.573
% 0 0 2.236 1.889 5.667
40 .
35 £ M=158 \M.—z\\
30 E ™\
E }M=3.57
g 25 L
& 3 M=5
s 2 ¢
R E
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o &
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Fig. 6 Fixed shock solutions as a function of wedge angle and Mach
number.

At any given Mach number, this function is minimized by
setting the wedge angle to as small a value as possible. Thus,
the fixed shock solutions may present too large a wedge angle
if fixing of thermodynamic properties is desired. This will be
explored further in the next section.

d/da = 9/33, and substituting for the value of By,.q, as

3 [P, 2y -
| =2) = =L 23
™ <P1> o M?sin 28 (23)

VI F [ - DA
T4y + 4+ (yr- DM? M @4

The relative change in pressure ratio can be written by divid-
ing this by Eq. (14)

8 (P,
da \ P,

8yM> 1+7;1M2

P, (- 6y+ DMZ+4(y - 1) @)
P,
In the hypersonic limit
9 (&) gy ¥ =1
da \ P, Y 2
P, 2_y2—6y+1M (26)
Py

Thus, the fractional change in pressure ratio across a fixed
shock increases linearly with Mach number, so these solutions
have the undesirable effect of amplifying thermodynamic var-
iations at higher velocities. For y = 1.4 and fixed ambient
pressure, this can be written as

o, _ 0.921M da 27

P,
A 1-deg change in angle of attack will therefore produce a
fractional change in pressure behind the bow shock of 9P,/
P, = 0.016M. At Mach 5, this will represent an 8% change
in pressure; at Mach 10, a 16% change; and at Mach 20, a
32% fractional change per degree. This may have significant
consequences for the combustion process.® Decreasing vy re-
duces the value of the constant of proportionality; for y =
1.3 the constant is 0.788.

Similarly, the change in temperature is also approximately
linear with Mach number in the hypersonic limit. Taking the
derivative of the temperature ratio with respect to angle of
attack

da \T, (y + 1)>M? sin?B tan B

Properties of the Fixed-Shock Solutions

Thermodynamic Changes with Angle of Attack

With the fixed-shock solutions derived above, the relative
location of the bow shock does not change for small variations
in angle of attack. However, these solutions are still accom-
panied by changes in the thermodynamic properties across a
shock, because the absolute value of shock angle is changing.
In fact, these solutions are actually rather poor for purposes
of minimizing the variation in thermodynamic properties sub-
ject to changes in angle of attack. Indeed, to minimize such
variations, it would be desired to have a bow shock which
remains fixed in the absolute frame subject to changes in angle
of attack.

For the fixed-shock solutions, the change in thermodynamic
properties can be calculated as a function of changing angle
of attack. Pressure is likely to be the most important property
to control in order to maintain engine combustion. Recalling
that the pressure across a shock is

(P/P) =1+ [2y/(y + DI(M?sin?B — 1)  (22)

we cansolve for the change due to variations in angle of attack
by noting that the fixed-shock solutions are defined such that

3 (§> _ 4y - DOMEsing + 1) 2y — DI(y + DM? — M + 4[(y + DM? + 4M + 4V + [(y — DHRIM?

O+ DPMAG — DM + 4 =
and assuming large Mach number
a (T y—1
51-(7?) Voo -y -0
L. -1yt Iy- ) M@
T,
Aty =14
I _ 0.474M da (30)

2

and for y = 1.3 the constant is 0.401. A 1-deg change in angle
of attack produces a fractional change of 97,/T, = 0.009M,
which is 4% at Mach 5, 8% at Mach 10, and 16% at Mach
20. Note that the temperature change is less sensitive than
pressure, but it is likely that pressure will be more important
in maintaining combustion.

Comparison to Minimum Pressure Variation Solutions

Itis of interest to compare the pressure variations associated
with angle-of-attack changes using the fixed-shock solution to
those of the minimum pressure variation shock solution. At
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the minimum, the wedge angle approaches zero, so

O (P oM
da <Pl> T VME -1 (31)
(LY _ (y- 1M
oa <T1> T VM7 -1 (32)

These relations are derived by taking the Mach wave limit of
the shock solutions, as performed in Ref. 6. For y = 1.4 and
large Mach number, (6/0a)(P,/P,) = 1.4M and (6/0a)(T,/T,)
= 0.4M, vs (3/0a)(P,/P,) = 5.22M and (8/6a)(T,/T;) = 0.90M
for the fixed-shock solution. Since the pressure and temper-
ature rise in the small angle solution approach unity, the
fractional increase in pressure due to a change in angle of
attack is 1.52 times greater than for the fixed-shock solution.
In fact, there is no shock solution for minimum fractional
pressure change; increasing the wedge angle always decreases
this quantity.

Secondary Ramps and Compression Surfaces

Secondary Shock Matching with Varying Angle of Attack

As found above, the fixed-shock solutions provide tem-
perature ratios of approximately 1.89 in the hypersonic limit.
For typical transatmospheric vehicle flight operations, it will
be desired to raise ambient temperatures of approximately
220-320 K to 1000 K to initiate combustion, requiring an inlet
temperature rise of between 3 and 5. If the fixed-shock so-
lution is used for the bow, it is clear that secondary ramps or
compression surfaces will have to be used along the forebody
to further compress the incoming flow.

It is tempting to ask if these secondary shocks can be fixed
on the cowl lip, just as the bow shock can. The answer to this
is no, for reasons already stated above. The secondary ramps
do not see a change in surface angle when the vehicle angle
of attack changes; the first bow shock always turns the flow
parallel to the forebody surface. Rather, secondary surfaces
see a change in incoming Mach number as vehicle angle of
attack changes, and it was shown that a shock cannot be fixed
against changes in incoming Mach number.

Therefore, it is of interest to determine the change in Mach
number coming through one of these fixed shocks in response
to change in angle of attack. This is done by taking the de-
rivative of Eq. (16) with respect to B8, noting that the fixed-
shock solution is such that this is also the derivative with
respect to «, and further noting that 0@, ../0a = 0.

M, _ _{ (y + 12(y — DM + 4(y + 1)2M§}
s 4[-(v* — 6y + DM? — 4(y — D)2

+ 12Mt + 8(y — DM; + 1
S (CERE R L )
(y - DM? + 2
which in the hypersonic limit, approaches
oM, _ _(y+ DPvy -1

— 2
da 4(—vy* + 6y — 1)7 M3 (34)
so that dM,/oa —0.172M?% at v = 1.4 and oM,/da =
—0.144M3% at y = 1.3. Note that station 2 represents con-
ditions just downstream of the first bow shock. At higher
Mach numbers, the change in downstream Mach number with
a variation in angle of attack will be more significant. Also
note that Mach number downstream of the first shock is de-
creasing as angle of attack increases, because the shock is
becoming stronger.

A second ramp on the forebody surface will therefore re-
spond to the change in angle of attack because it will perceive

[

a change in upstream Mach number. With the chain rule and
the results of Eq. (5), the angle of the secondary ramp shock,
B,, can be related to the change in Mach number coming
through the first inlet shock: (88,/9a) = (9B,/0M,)(8B,/0M,),
which is the product of Eqs. (33) and (5). In the hypersonic
limit, this becomes (98,/0a) = —3.365/M,6, at y = 1.4; and
(8B,/0a) = —3.128/M,6, at v = 1.3, where 0, is the angle of
the ramp. The negative sign shows that the secondary ramp
shock motion cannot be eliminated relative to the inlet sur-
face. Increasing flight Mach number or the angle of the sec-

.ondary ramp will decrease the relative motion.

This leads to the following design rule: although it is im-
possible to eliminate the motion of the shock on a secondary
ramp on a hypersonic inlet (as can be done with the bow
shock), that motion can be minimized by using as large a
ramp angle as possible. In other words, for a given compres-
sion ratio, two ramp inlets will have less shock motion than
three or more ramps. A hypersonic inlet which is designed to
minimize shock displacement subject to angle of attack var-
iations, will have an initial ramp angle at the fixed-shock value
and one additional subsequent ramp which completes the
compression.

Pressure Change on a Secondary Ramp with Angle
of Attack

Equation (7) showed the change of shock pressure ratio as
a function of varying Mach number. Since the effect of varying
angle of attack is to change Mach number downstream of the
fixed shock, this same equation can be used to determine the
pressure ratio changes on a secondary ramp. Note that to use
the hypersonic assumption, flow behind the bow shock must
still be hypersonic, which is strictly applicable at flight Mach
numbers in excess of about 11. Once again using the chain
rule, the change in overall pressure ratio across the inlet,
between station 3 behind the second ramp shock, and the
freestream conditions, is

i & — & 6M2 __‘2_ 5 + _I.)_3 _6_ & 35
da \ Py P, | da oM, \P, P, | oa \ P, ( )
Substituting the values for the fixed-shock solutions derived

above at y = 1.4, the overall pressure ratio will be sensitive
to angle of attack changes as

9 (B _ 202 13.89
- <P1> = 3.44M303 + 5.20M, + 438M, |1 + BLey

(36)

where the pressure ratio on the ramp has been related to the
ramp angle with Eq. (6).

Note that increasing the ramp angle 6, increases the sen-'
sitivity of the overall inlet pressure ratio to changes in angle
of attack. This sensitivity increases with the cube of the flight
Mach number. In order to design an inlet with less pressure
sensitivity to changes in attitude, it is best to use many sub-
sequent ramps at shallow angles. This conclusion is consistent
with the earlier finding that larger ramp angles lead to less
relative shock motion; a shock which is less resistant to chang-
ing its angle will experience a greater change in pressure ratio
as the upstream Mach number is increased. Thus, a decision
must once again be made between the desire for controlling
shock position and minimizing the change in thermodynamic
fluctuations subject to variations in angle of attack.

Isentropic Compression Surface

Instead of a second shock, a hypersonic inlet may have an
isentropic compression surface following the bow shock. We
can compare changing angle of attack with ramp inlet to that
of an isentropic compression surface. On such a surface, the
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change‘ in Mach number is a function only of the turning angle

N JMZ M -1 aM
b= b TT G- D2 M

(37

An infinitesimal change in upstream M, produces a corre-
sponding change in downstream M, since Af cannot change

dM, ML+ [(y — DRIMBVME - 1 38
dM, M + [(y -~ DR2IMAVMEZ — 1 (38)

Where it is assumed that the flow is still isentropic (i.e., no
strong shocks have formed.) Since the flow is isentropic, the
pressure ratio is

Py _ 1+ [(y = DMz 9
P 1+ [(y — D2IM3
The derivative of pressure is
d (5) _ YOV - MR D
dM, \ P, M{1 + [(y — DR2IMABVM3 — 1 P,
In the hypersonic limit
d <5> _ 2 - (BaPy OV P
dM, \ P, (v — DM, P, '
Withy = 1.4
d (P _1 (B Py
dM, <P1> M, (P1 P, (42)

In most practical cases, the pressure change due to changes
in angle of attack on the isentropic inlet will be approximately
equal to that generated on a secondary ramp shock, to within
20%. The bow shock change will, of course, be the same in
both cases. This means that minimizing pressure variations
downstream cannot be used to select between a ramp and
isentropic compression. This is demonstrated in Fig. 7, which
presents the pressure derivative with respect to changing Mach
number caused by a variation in angle of attack for both a
secondary ramp and an isentropic inlet, at various pressure
rations. Note that the isentropic solution is smaller at lower
pressure ratios, and slightly larger at higher pressure ratios,
but always by an insignificantly small margin.
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Fig. 7 Pressure derivative for a ramp and isentropic ihlet at Mach
15.

Viscous Influences on Shock Matching

In viscous hypersonic flow, the shock position is no longer
set by the shock angle alone, but also by the boundary-layer
thickness.” Hypersonic laminar boundary layers will be thick,
perhaps representing up to 25% of the shock layer height.?
The boundary-layer thickness is sensitive to angle of attack,
varying roughly in proportion to angle of attack at wedge
angles in excess of a few degrees. Therefore, the boundary-
layer thickness must be considered in matching the shock to
the inlet lip, and changes in that boundary-layer thickness
must be accounted for if the shock is to remain fixed. At large
Mach number and small angle of attack, increasing angle of
attack results in the shock moving away from the surface, but
in general, this effect will not be sufficient to cancel the effects
of decreasing boundary-layer thickness.

With the simplification that boundary-layer thickness is in-
versely proportional to the wedge angle, the expression for
the boundary-layer height as a function of angle of attack
compared to some initial condition at apparent wedge angle
a; + Ois

8(a) = 8f(e; + 0)/(a + 6)] (43)

The angular displacement between the top of the boundary
layer and the ‘surface, defined here as ¢, is

(44)

where tan ¢ = ¢ in the small-angle approximation. The de-
rivative of ¢ with respect to « is then

00 5 o+ 0
da  x (a + 6) (43)

This added angular displacement due to boundary-layer
thickness changes the apparent wedge angle, because the top
of the boundary layer, not the vehicle surface, defines the
downstream flow angle. Equation (3) is modified to include
¢ in the shock angle relation of

(evehicle + o+ ¢) = B - q)relative (46)

where @, is now the angular displacement between the
shock and the top of the boundary layer. The fixed-shock
solution will be one in which :

é(_l- — . acI)relalive _ %
B B B
=1 (47)
so that
aq) lative a¢
rela - — 4
T + 3 5 0 (48)

which is the condition that changes in the angular displace-
ment of the top of the boundary layer are identically cancelled
by changes in the relative angular displacement between the
boundary layer and the shock.

When this condition is satisfied, /08 = 1 and we can write

ad & o, + 6
—_ = 2 49

B x (o + 02 (49)
For small displacements, & + 6 = B — @ 4. — 8/x, and
the derivative of the angular displacement of the boundary
layer with respect to the shock angle is

9 _ ax (50)

aB B _B - q>relative - (Si/x
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For a given value of 8,/x at M, the fixed shock has angle 8 which satisfies

[(v — Di(y + D]Vcos?B) + [2/(y + DM?][(Lcos?B) — (Isin®B)]

1+ {[{(y — D/(y + Dltan B + [2/(y + 1)M? sin B cos B]}
8;/x

0

"B —tanY[(y — D/(y + Dtan B + [2/(y + 1)M?sin B

In fact, 8,/x will vary all along the surface, so the fixed-shock
solution will also vary down the surface. Thus, even though
the shock can be fixed against changes in the conditions at
the inlet lip, chianges in wedge angle upstream of the lip will
move the shock and the fixed condition cannot be satisfied
perfectly.

There is no closed-form solution for Eq. (51), but with a
small angle approximation (shock angles must be small in the
hypersonic regime to avoid unreasonable temperature and
pressure rises), considerable simplification is possible:

[(y = DIy + D] = 2y + DM?BF]

cos B} — 8./x - (51)

the shock layer, will mean that it is impossible to keep the
shock fixed on the inlet lip without some active control or
variable geometry.

Conclusions

Matching a bow shock to an engine inlet cowl introduces
an important design constraint for a hypersonic forebody. In
the inviscid limit, and for a forebody with very small boundary
layer, this matching can be accomplished such that the shock

8,/x -0

L+ A{(y - DIty + DIB + 20y + DM?B]> B -

Equation (52) has been used to solve for the fixed-shock
wedge angle and shock angle, and the results are presented
in Fig. 8. Fixed-shock conditions were determined as a func-
tion of Mach number at y = 1.4, for a shock layer without
a boundary layer (corresponding to Table 1), with 2% relative
boundary-layer thickness, and with 5% relative boundary-
layer thickness, referenced to the height of the shock. Above
5% boundary-layer thickness, the required shock angle is too
large for the small angle approximation to be valid. Above
20% thickness, no fixed shock solution can be found with
even the full solution. That is because the inviscid shock mo-
tior is no longer of sufficient magnitude to cancel boundary-
layer motions, which scale with boundary-layer thickness.

The boundary layer tends to raise the fixed-shock angle to
unreasonable large values. For instance; with 2% relative
boundary-layer thickness, the fixed-shock angle at Mach 20
has jumped from 6.34 deg, for the inviscid case, to 9.99 deg.
This, in turn, will yield a normal Mach number of 3.470, with
a temperature ratio across the shock of 3.274. This is unac-
ceptable for typical ambient conditions; a two-shock inlet would
raise a 300 K ambient flow to 3216 K, which is too high for
combustion to occur.

It can be concluded that it is possible to cancel out the
effect of angle of attack on boundary-layer thickness on the
shock motion by selecting an appropriate wedge angle, for
relative boundary-layer thickness of less than a few percent.
The presence of a thick boundary layer, in excess of 5% of
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Fig. 8 Fixed-shock solutions as a function of ratio of boundary-layer
thickness to shock layer height.

tan~Y[(y — DIy + DIB + [2/(y + DM?B]} — §,/x

(52)

.location is fixed relative to the engine cowl, subject to changes

in angle of attack. Such fixing becomes more difficult with a
thick boundary layer, the thickness of which varies with ve-
hicle angle of attack. It is not possible to fix a shock against
changes in Mach number, which means that an inlet will have
to be designed with variable geometry, or flown at a given
design Mach number.

From the design point of view, the importance of these
results rests with the cowl’s tolerance of shock mismatch, and
the engine’s ability to operate with varying inlet flow condi-
tions. Given that such variations must be limited as much as
possible, it is suggested that an inlet be designed with the
fixed shock criterion where possible under boundary-layer
conditions, matched at a selected cruise or critical flight Mach
number. On design, the shock is fixed against perturbations
in attitude, which are more likely than variations in flight
Mach number. This design condition will not provide ade-
quate compression in most cases, and so secondary compres-
sion must be accomplished on the inlet.

If a secondary ramp inlet is to be used, it is best to use only
one other ramp in order to control shock position. Multiple
ramp inlets will always have less control over the shock po-
sition, because the shock displacement decreases with in-
creasing shack angle and Mach number. This shock control
design condition is not an absolute, but must be balanced
against drag constraints on the vehicle. It was shown that for
an isentropic compression, which has no shock to begin with,
the thermodynamic conditions vary about the same as those
of a ramp shock subject to changes in angle of attack.

All of this is to control against steady-state, or low-fre-
quency changes in the vehicle angle of attack. It has been
found that high-frequency variations tend to be transmitted
directly to the bow shock, so that the shock motion follows
the surface motion quite closely.® Even with a thick boundary
layer, which has the potential for amplifying surface motion,
no important mismatches will be seen at reasonable oscillatory
frequencies. Thus, the inlet design need only address the steady-
state variations.
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